Abstract. Six fine gradings on the real form e 6,−14 are described, precisely those ones coming from fine gradings on the complexified algebra. The universal grading groups are Z 
Introduction
This work continues a series of papers devoted to describing the fine gradings on the exceptional real Lie algebras. The interest of gradings has been present in the theory of Lie algebras from the very beginning. Let us recall that, at the end of the nineteenth century, W. Killing used the root decomposition (which is, in fact, a grading over the free-torsion abelian group Z l for l the rank of the algebra) in order to classify complex finite-dimensional semisimple Lie algebras. More recently, the physicist J. Patera and his collaborators proposed to start a systematic study of the gradings on Lie algebras in [PZ89] . This seminal work was followed by some others for real classical Lie algebras, as [HPPe00] or [Sv08] . Since then, many authors shifted the attention to the complex case. A remarkable amount of these works was compiled in [EK] . This monograph was published in 2013 and it contains almost completely the classification of the gradings on the complex simple finite-dimensional Lie algebras. Precisely, the classification of the gradings on type-E algebras is only conjectured in the book, and had to wait until [DrV16] , [DrE17] (finite groups) and [Y16] to be completed. A review of the fine gradings on Lie algebras of type-E is [DrEl14] , which tries to give a version as unified as possible of the gradings on the three complex Lie algebras of type E. Having finished the complex case, it is the moment to return to the real case, which is relevant for many applications. The problem of getting a classification of the gradings on real simple Lie algebras is being tackled by several authors almost simultaneously. On one hand, some recent papers devoted to the classical simple real Lie algebras are [EK18] , [BKR18a] and [BKR18b] . On the other hand, as mentioned, this is the third of our papers about exceptional real Lie algebras: first, in [CalDrM10] , we classified fine gradings on the real algebras of types G 2 and F 4 , and second, in [DrG16b] , we described the fine gradings on the algebra e 6,−26 coming from fine gradings on the complex algebra e 6 . Let us recall that there are three non-split and non-compact real algebras of type E 6 , characterized by the signatures of their Killing forms, namely, -26, -14 and 2. Here we focus on e 6,−14 , an algebra with frequent appearances in Physics (see below). The difficulty in defining explicitly e 6,−14 renders extremely useful the knowledge of its structure, gradings, and different models. Such gradings and models could be potentially related with different physical phenomena. The gradings on e 6,−14 have nothing to do with the gradings on e 6,−26 obtained in [DrG16b] . Indeed, our main result, Theorem 1, states that there are 6 fine gradings (and essentially only 6) on e 6,−14 , whose universal grading groups are Z Regarding the tools used here for finding the gradings on e 6,−14 , they are indeed related to the tools in [DrG16b] , but new approaches have been necessary too. For each grading, we have tried to do a self-contained treatment, providing a related suitable model of the algebra e 6,−14 .
The relation between graded Lie algebras and Physics is well-known, see, for instance, the classical paper [CoNSt] of 1975. Some recent reference is [At15] , devoted to the applications of graded Lie algebras for studying dynamic symmetries of atomic nucliei. A survey of algebraic methods that are widely used in nuclear and molecular physics is [I97] , which states a spectrum generating algebra as the basic mathematical tool of all such methods, and presents some models where such spectrum generating algebra is just a graded Lie algebra. More applications of the gradings on Lie algebras to mathematical physics and particularly to particle physics are referenced in our previous work [DrG16b] . To illustrate them with some examples, recall first the Pauli matrices, which provide a fine Z 2 2 -grading on su 2 . In quantum mechanics, these matrices occur in the Pauli equation which takes into account the interaction of the spin of a particle with an external electromagnetic field. On the other hand, the Gell-Mann matrices provide a fine Z 3 2 -grading on the compact Lie algebra su 3 (see Section 6). The Gell-Mann matrices are used in the study of the strong interaction in particle physics, and they serve to study the internal (color) rotations of the gluon fields associated with the colored quarks of quantum chromodynamics. Also the generalized Pauli matrices of order 3 provide a Z 2 3 -grading on su C 3 , but note that it has been necessary to complexify here, since the only groups being the grading groups of a compact Lie algebra are the direct product of copies of Z 2 .
Moreover, the role of the Lie algebras of type E 6 in Physics is also quite relevant [W95] , giving rise to a large number of references, some of them appearing in [DrG16b] . We can add, for instance, [KL05] , on the discovery limits of different E 6 models at some colliders (as Tevatron); [GV05] , on order-two twisted D-branes of E 6 ; [HM06] , which proposes a model of dark energy and dark matter based on E 6 very different from the usual E 6 -unification encountered in the literature; [MPW91] , which proposes U 28 → SU 27 ×U 1 → E 6 → G 2 → SO 3 for the extension of the interacting boson model; [DuF07] , on N = 8 black holes in five dimensions where the common symmetry is E 6 ; or [GLM07] , which analyses heterotic string compactifications on specific classes of manifolds with SU(3)-structure, proving that E 6 is still the resulting gauge group in four dimensions.
Finally, we would also like to mention the growing number of specific appearances of the real form e 6,−14 in the literature. This algebra appears as U-duality algebra when considering the theories coupled to gravity for N = 5 supersymmetries and D = 3 spacetime dimensions ([HPS08, §7.3]). Also, according to [GPR18, Proposition 7 .1], the Toledo invariant of e 6,−14 corresponding to the Hitchin-Kostant-Rallis section for the moduli space of its Higgs bundles is zero. Relative to incidence geometry, a recent paper concerned with the group E 6,−14 is [KGK10] . It describes a projective embedding (called a Veronese embedding) of the building of the group E 6,−14 (a generalized quadrangle) over the reals, trying to follow the spirit of Freudenthal's description of the Cayley plane. The paper [Do14] reviews the progress of the classification and construction of invariant differential operators for non-compact semisimple Lie groups, including many references about the importance of these invariant differential operators in the description of physical symmetries. As the study of such classification should proceed group by group, the author chooses some groups. This choice, which includes E 6,−14 , is supported by these groups being non-compact groups that have a discrete series of representations (the rank of the group G coincides with the rank of the maximal compact subgroup K), and, besides, G/K belongs to the list of Hermitian symmetric spaces (each one admits a complex structure which is invariant by the group of isometries). The two exceptional cases in such list (the list of possible groups G with G/K irreducible non-compact Hermitian symmetric space) are E 6,−14 and E 7,−25 , corresponding to the only Lie exceptional real algebras with highest weight representations. The same author devotes the work [Do09] to study invariant differential operators focused on E 6,−14 . Amazingly, the symmetric space E 7,−25 /E 6,−14 appears in [BFGM06] corresponding to the orbit of a large black hole with central charge equal to zero. It is just one of the three species of the solutions to the black hole attractor equations giving rise to different mass spectra of the scalar fluctuations. These authors have devoted a considerable amount of papers to study exceptional Lie algebras in relation to physical theories. In their own words ( [MT16] ): "While describing the results of our recent work on exceptional Lie and Jordan algebras, so tightly intertwined in their connection with elementary particles, we will try to stimulate a critical discussion on the nature of spacetime and indicate how these algebraic structures can inspire a new way of going beyond the current knowledge of fundamental physics."
Outline. In Section 2, we summarize the basics about gradings on a Lie algebra, while recalling the classification of the fine gradings on e 6 obtained in [DrV16] . There are 14 fine gradings on the complex Lie algebra e 6 , and some invariants are provided, including the universal groups. Also, the necessary background about real forms is recalled, and some notations and results about signatures are stated. In Section 3, two gradings on e 6,−14 over the groups Z . The last section is devoted to prove that there do not exist fine gradings on e 6,−14 whose complexification is any of the remaining 8 fine gradings on the complex algebra e 6 . This is a case-by-case proof for some of the gradings on e 6 , based on the knowledge of their features and of compatible subalgebras. Some representation theory of real Lie algebras is used too. We finish with some open problems: apart from the mathematical questions (not difficult to tackle although very technical), we would feel deeply interested in finding the physical meaning of the obtained gradings, specially those ones involving groups with 3-torsion.
Preliminaries
We review now the basic concepts about gradings and real forms. Most of them appear in [DrG16b] , but we sketch them here for self-containedness.
About gradings.
The main reference about the topic of gradings on Lie algebras is the monograph [EK] .
Let A be a finite-dimensional algebra over a field F ∈ {R, C}, and G an abelian group. A G-grading Γ on A is a vector space decomposition 
h is proper. A grading is said to be fine if it admits no proper refinement. Also, Γ and Γ ′ are said to be equivalent if there is a bijection α : Supp Γ → Supp Γ ′ and ϕ ∈ Aut(A) such that ϕ(A s ) = A ′ α(s) for all s ∈ Supp Γ. Note that in this case the grading groups G and H are not necessarily isomorphic groups. For any group grading Γ on A, there exists a distinguished group among the ones which are grading groups of gradings on A equivalent to Γ such that they are generated by the support of the grading (more details in [EK] ). It is usually called the universal (grading) group of Γ.
If the ground field is the complex field, there is a close relationship between automorphisms and gradings. First, it is obvious that every diagonalizable automorphism f ∈ Aut(A) produces a grading on A over the subgroup of C × generated by the spectrum Spec(f ), and also that any collection of commuting diagonalizable automorphisms produces a grading where the homogeneous components are the simultaneous eigenspaces. Conversely, if Γ is a G-grading as in (1) and we have any character χ ∈ X(G) = Hom(G, C × ), then the map ϕ χ : A → A is an automorphism of A, being ϕ χ (x) := χ(g)x for any g ∈ G and x ∈ A g . Moreover ϕ χ belongs to the diagonal group of Γ, defined as follows: 
]). For instance, if
S is a (complex) semisimple Lie algebra, and Γ : S = α∈Φ∪{0} S α is the root decomposition relative to a Cartan subalgebra, which is obviously a fine grading, then Diag(Γ) = T is a maximal torus of the automorphism group, namely, if {α 1 , . . . , α l } is a set of simple roots of Φ,
where the automorphism t s 1 ,...,s l ∈ Aut(S) acts scalarly on the root space S α with eigenvalue s
The fine gradings on the complex algebra S = e 6 were classified up to equivalence in [DrV16] , that is, the MAD-groups of Aut(e 6 ) were classified up to conjugation. According to this classification, there are 14 non-equivalent fine gradings on S, whose universal grading groups and types are listed in Table 1 . Note that these two data together give the equivalence class of the grading. We have also added a column with the interval dim C S e ± dim C 2g=e g =e S g , which will be a tool to apply Proposition 2 lately.
About real forms
consequently the semisimplicity of L equivales to that one of L C . We will abuse of notation calling the signature of L (and denoting sign(L)) to the signature of κ L , that is, the difference between the number of positive and negative entries in the diagonal of any matrix of the symmetric bilinear form κ L relative to an orthogonal basis. For most of the complex simple Lie algebras S, including S = e 6 , two real forms of S are isomorphic if and only if their signatures coincide, due to the correspondence (3) below. There always exists a compact real form, with negative definite Killing form, and a split real form, with signature equal to the rank of S, that is, the dimension of the Cartan subalgebra. In case S = e 6 , there are five real forms up to isomorphism, characterized by their signatures, namely: −78, −26, −14, 2 and 6. We will use the notation e 6,s to refer to any real form of e 6 of signature s, without specifying a concrete representative of the isomorphism class. So, e 6,−78 is compact and e 6,6 is split.
There is a strong relationship between real forms of a complex Lie algebra S and involutive automorphisms of S. If L is a real form of S = L ⊕ iL, then we can consider the map
which is a conjugation (conjugate-linear order two map) such that S σ := {x ∈ S : σ(x) = x} equals L. Moreover, two real forms S σ 1 and S σ 2 are isomorphic (real) Lie algebras if and only if there is ϕ ∈ Aut(S) such that ϕσ 1 ϕ −1 = σ 2 . If C S and A S denotes the set of conjugations of S and the set of involutive automorphisms of S, respectively, then
is well defined and bijective, where if σ is any conjugation of S, we denote by θ σ ∈ Aut(S) any involutive automorphism commuting with σ such that the conjugation θ σ σ is compact. (τ is called a compact conjugation if the real form S τ is compact.) Furthermore,
where, for θ ∈ Aut(S), we denote the fixed subalgebra by fix(θ) = {x ∈ S : θ(x) = x}. In particular, Eq. (3) implies that there are 4 order two automorphisms of e 6 up to conjugation, characterized by the isomorphy class of their fixed subalgebra. This correspondence for S = e 6 is detailed in Table 2 . Table 2 . Automorphisms versus signatures
The order two automorphisms of the complex simple Lie algebras were classified byÉ. Cartan in [Ca27] . This gives the corresponding real forms by (3). In case S is a classical (complex) simple Lie algebra, the possibilities for a real form L are:
• sp 2n (R) = {x ∈ gl 2n (R) : x +x t = 0}, of signature n;
Here I p,q = diag(1, . . . , 1, −1, . . . , −1) (the first p entries in the diagonal are 1 and the q remaining entries are −1) and I n ≡ I n,0 is so the identity matrix. Also we denote by so n (R) ≡ so n,0 (R), and similar conventions are used for sp and su, and for C and H. Each real form will also be denoted according to its signature and the type of the complexification, for instance, sl m (H) ≡ a 2m−1,−2m−1 .
(In particular, a 2m−1,−2m−1 denotes also any algebra in the isomorphy class of sl m (H).) Throughout the text, E ij will denote a matrix, of size depending on the context, where the only non-zero entry will be the (i, j)th, equal to 1. So diag(s 1 , . . . , s n ) means
Note that the signatures of the subalgebras of a Lie algebra are related, in a certain way, to the signatures of the whole Lie algebra, although the Killing form of the subalgebra does not coincide with the restriction of the Killing form of the algebra. To this aim, we state the next result for complex Lie algebras.
Lemma 1. Let S 0 be a simple subalgebra of a complex Lie algebra S. Then there is a positive rational number r ∈ Q >0 such that κ S | S 0 = r κ S 0 .
Proof. If g is a simple Lie algebra and
are isomorphisms of g-modules and hence
. Now φ ∈ C id g (Schur's lemma) because any eigenspace must be a non-zero g-submodule of the adjoint module g, which is irreducible, so the eigenspace is the whole g. If we apply this fact to g = S 0 , f 1 = κ S | S 0 and f 2 = κ S 0 , we get that there exists r ∈ C such that κ S | S 0 = r κ S 0 .
Let us denote by Φ a root system of S 0 relative to a Cartan subalgebra h and
The last Killing form is easy to compute since ad h acts scalarly on each root space (S 0 ) α with scalar α(h) = α, α 1 ∈ Z, so that κ S 0 (h, h) = α∈Φ α 2 (h) is a non-negative integer. In fact, it is positive, since α 1 (h) = 2. Furthermore, for any representation ρ : S 0 → gl(V ), the endomorphisms ρ(h) are simultaneously diagonalizable, and the simultaneous eigenspaces are the weight spaces [H] . If we denote by Λ(S) ⊂ h * the weights of the S 0 -module 
For the claim relative to the signatures, observe that the key point is that the scalar r is positive.
2.3. About gradings on real forms. If L is a real form of a complex Lie algebra S, there is a close relationship between gradings on L and on S.
If
). It will be called the complexified grading. It is important to observe that, if Γ C is a fine grading on L C , then Γ is a fine grading on L.
Let Γ S : S = ⊕ g∈G S g be a grading on a complex Lie algebra S and let L be a real form of S = L C . We will say that L inherits the grading Γ S if there exists a grading Γ on L such that
). By abuse of notation, we will say that e 6,−14 inherits the grading Γ i in Table 1 (i = 1, . . . , 14) if some real form of e 6 of signature −14 has a grading whose complexified grading is equivalent to Γ i .
A useful criterion to check if a determined real form of a complex Lie algebra inherits a grading, assumed we know another real form inheriting it, can be stated as a direct consequence of Gradings and Killing forms are closely related. For instance, if L = ⊕ g∈G L g is a grading over an abelian group G, then two homogeneous components L g and L h are orthogonal for the Killing form unless g + h is the neutral element e ∈ G. In particular, the homogeneous components corresponding to degrees of order not 2 are totally isotropic subspaces.
the Lie algebra with the same underlying vector space but new product given by
is obtained when adding the two equations obtained in item a) for t = 1 and t = −1. Item c) is consequence of item b) and
This result relates the signature of a Z 2 -graded Lie algebra L = L0 ⊕ L1 with that one of L0 ⊕iL1 = L −1 , which is a different real form of L C . This is important because any grading on L which is a refinement of such Z 2 -grading is immediately a grading of the other real form L −1 (and conversely). Finally, we put our attention on the next result, extracted from [DrG16b, Proposition 9], which bounds the admissible signatures of a real form inheriting a determined grading. This is the reason why we have added, in the last column in Table 1 , the possible interval for the signature dim C S e ± dim C 2g=e g =e S g for each grading Γ i .
Proposition 2. Let S be a complex simple Lie algebra and L a real form of S. Suppose that L inherits a fine grading on S given by
2.4. About related structures. Throughout this paper we will use several non-associative algebras.
First, we denote by O the octonion algebra, which is the real division algebra endowed with a norm n such that {1, e i : 1 ≤ i ≤ 7} is an orthogonal basis and the product is given by recalling Fano plane in Figure 1 : each triplet {e i , e j , e k } in one of the seven lines (the circle is also a line) spans a subalgebra isomorphic to R 3 with the usual cross product. (Thus R 1, e i , e j , e k is isomorphic to the quaternion algebra H when e i , e j and e k are the three different elements in one line. That is, e i e j e k = −1 in the sense of the arrows.) Recall that a := r1− s i e i if a = r1 + s i e i , so that the norm and the trace are given by n(a) = aa and t O (a) = a + a. The subspace of zero trace octonions (or imaginary octonions) is denoted by O 0 .
Second, an F-algebra is called a Jordan algebra if it is commutative and it satisfies the Jordan identity (
The examples of real Jordan algebras more relevant for our purposes are
where if C is either O, or C, or R⊕R (with the exchange involution (a, b) = (b, a)),
the so called symmetrized product is given by
and γ is either γ 1 = I 3 or γ 2 = diag(1, −1, 1) or
is of course isomorphic to the Jordan algebra H 3 (C, γ 2 ), but our preference is due to the fact the gradings in Eq. (11) will be more easily formulated in terms of M.) If A is an associative algebra, A + denotes the Jordan algebra obtained when considering the symmetrized product (6) on the vector space A. Observe that M s is isomorphic to Mat 3×3 (R) + .
3. From the Albert algebra to gradings over Z Thus L becomes a Z 2 -graded Lie algebra in both cases ±, with even part L0 = Der(J) and odd part L1 = J 0 . A first model of e 6,−14 is
Indeed, the even and the odd part of any Z 2 -graded Lie algebra are orthogonal for the Killing form κ of L, so sign(L) = sign κ| L0 + sign κ| L1 . On one hand, Der(J ) ∼ = f 4,−20 , and, by Lemma 2, the identity sign(κ| L0 ) = sign(L0) = −20 holds. On the other hand, the traceform of the Jordan algebra J ((x, y) → tr(x · y)) has signature equal to −6 [Ja, p. 114], which coincides with − sign κ| L1 , due to choice of sign when multiplying two odd elements (see also Lemma 3a).
3.2. The gradings. All the G-gradings on J induce naturally G-gradings on Der(J ) and G × Z 2 -gradings on L. The Jordan algebra J is Z + has just signature −26, and hence both e 6,−26 and e 6,−14 share the gradings coming from gradings on the Jordan algebra J . For completeness we enclose a description here.
The octonion algebra O is Z 3 2 -graded:
This induces a Z 3 2 -grading on the Jordan algebra J by means of
2 , where an arbitrary element in J is denoted by Consider, for the Jordan algebra M = H 3 (C, γ 3 ), the vector space
which is made into a Lie algebra over R by defining the multiplication (bilinear and anticommutative) which agrees with the ordinary commutator on the Lie algebras Der (O) and Der(M) and it satisfies (10) Proof. It is well-known that T (O C , M C ) is a complex Lie algebra of type e 6 , so that we only need to compute the signature of the Killing form κ of the real form T (O, M) . As far as we know, it can not be found in the literature. For the computation, we follow the lines of the proof of [DrG16b, Proposition 2], although the ideas are mainly based in Jacobson's book [Ja] . Observe the following facts: a) Der (O) 
As n is positive definite, the signature of κ| O 0 ⊗M 0 will coincide with minus 7 times the signature of the traceform of M 0 (the bilinear form (x, y) → tr(x · y)), which is equal to 0.
Consequently, the signature of T (O, M) turns out to be −14.
It can be observed that the facts about signatures in items b) and c) are also consequences of Lemma 2, and that it was no necessary to compute the signature of the traceform in d) since -14 is the only signature of a real form of e 6 which is multiple of 7. since M is generated (as an algebra) by these two matrices. There is a multiplicative basis of M (the product of two elements in such a basis is multiple of a third one) formed by homogeneous elements of the Z 2 3 -grading, in fact, all of them are invertible matrices. In particular M 0 breaks into eight one-dimensional homogeneous components. The obtained Z Remark 1. Tits' construction can be applied by replacing in T (O, M) the Jordan algebra M with H 3 (C, γ i ), for C ∈ {C, R ⊕ R}, or the octonion algebra O with the split octonion algebra O s , getting in this way all the five real forms of e 6 . The same arguments as in Proposition 3 can be used to conclude that T (O s , M) ∼ = e 6,2 , which implies that e 6,2 possesses also a fine Z Recall that Γ 12 and Γ 10 , the fine Z × Z 5 2 and Z 2 × Z 3 2 -gradings on S = e 6 , are both refinements of the Z-grading on S produced by the one-dimensional torus {t 1,s,1,1,1,1 : s ∈ C × } contained in the maximal torus T considered in (2). In other words, if S = h ⊕ (⊕ α∈Φ S α ) is the root decomposition relative to a Cartan subalgebra h, and {α i } 6 i=1 is a set of simple roots of the root system Φ (ordered as in Figure 2) , the Z-grading is S = ⊕ 2 n=−2 S n , for (12)
By counting roots, we see that S 0 = h ⊕ {⊕ α∈Φ S α : α = i k i α i , k 2 = 0} has dimension 36, dim S ±1 = 20 and dim S ±2 = 1. Also, the Dynkin diagram of the semisimple part of the homogeneous component S 0 is obtained by removing the node α 2 of the Dynkin diagram, so S 0 has type A 5 ⊕ C (C denoting here a one-dimensional centre). A linear model useful for our purposes is developed in [ADrGu14, §3.4]. Take V a 6-dimensional vector space over C, and then
can be endowed with a Lie algebra structure such that S V ∼ = e 6 . The products can be described with multilinear algebra: in terms of contractions, of the wedge products, and also making use of the dualization of the product · : S n ×S −n → C, which gives the bracket [S n , S −n ] ⊂ S 0 . Precisely, if u ∈ S n , f ∈ S −n , then [u, f ] denotes the only element in gl(V ) characterized by
The first question, then, is if e 6,−14 inherits this Z-grading. This can be answered affirmatively as a consequence of the following result due to Cheng [Ch87, Theorem 3].
Proposition 4. A simple real Lie algebra L admits a grading
L = L −2 ⊕ L −1 ⊕ L 0 ⊕L 1 ⊕L 2 such that dim L 2 = 1
if and only if there is a long root corresponding to a white node such that its restricted multiplicity is equal to 1.
This can be applied to L = e 6,−14 as detailed in [DrG16a, 17.6]. Precisely, the Satake diagram is the following The restricted root system is of type BC 2 , namely,
for a a maximal abelian subalgebra of the eigenspace of a Cartan involution relative to the eigenvalue −1. There is a (long) root, the maximal oneα = α 1 + 2α 2 + 2α 3 + 3α 4 + 2α 5 + α 6 , such that the restricted rootα| a = 2β 1 = 0 has restricted multiplicity equal to 1 (in other words, {α ∈ Φ : α| a =α| a } = {α}). So, the diagonalization of any non-zero element in the corresponding root space produces the desired Z-grading.
Remark 2. Note that the only Z-grading S = ⊕ 2 n=−2 S n of the complex Lie algebra e 6 such that dim S 2 = 1 is that one in (12), up to isomorphism. This type of gradings usually receives the name of contact gradings. We can argue as follows. By [OV, Chapter 3], any Z-grading on S comes from a choice of non-negative integers (l 1 , . . . , l 6 ) in such a way that (for n = 0)
For instance, the grading (12) corresponds to the choice (0, 1, 0, 0, 0, 0). For a grading with just 5 pieces, as the maximal root isα = α 1 + 2α 2 + 2α 3 + 3α 4 + 2α 5 + α 6 , then 2 = l 1 + 2l 2 + 2l 3 + 3l 4 + 2l 5 + l 6 , and the only new possibilities are (1, 0, 0, 0, 0, 1), (0, 0, 1, 0, 0, 0) and (0, 0, 0, 0, 1, 0). But in the three cases, the dimension of the corner S 2 is strictly greater than 1, since the root space related to the root α 1 + α 2 + 2α 3 + 3α 4 + 2α 5 + α 6 would be contained in S 2 too.
We need a more specific model of the Z-grading on e 6,−14 , in order to obtain refinements whose complexified gradings are, respectively, Γ 12 and Γ 10 .
5.1. The model. Consider L 0 = su 5,1 ⊕ RI 6 . We can describe the semisimple part 1 as
where b is the hermitian form (linear in the first variable and conjugate-linear in the second one) given, relative to a fixed C-basis B V = {e 1 , . . . , e 6 } of V , by
First, note that the hermitian form b induces the conjugate-linear (
Second, our choice of basis B V allows us to identify S 0 = gl(V ) with gl 6 (C) and ∧ 6 V with C (by e 1 ∧ · · · ∧ e 6 → 1). Then we have the S 0 -module isomorphism ψ :
Third, recall that ∧ 3 V * and (∧ 3 V ) * can be naturally identified by means of the S 0 -module isomorphism ρ :
We are taking v i ∈ V , f i ∈ V * . We consider the composition of the maps to obtain an S 0 -module isomorphism
which is in particular an L 0 -module isomorphism (L 0 C = S 0 ). By composing the inverse of this map and the above (conjugate-linear)
It has order two, so ∧ 3 V is the sum of the eigenspaces corresponding to the eigenvalues ±1. We will construct a real form L = ⊕L n of S V , with L 1 one of the eigenspaces (and, after identifying with the dual, L −1 the other one). Note that the (real) dimension of our L ′ 0 -module ∧ 3 V is 2 dim C (∧ 3 V ) = 40 and its complexification is the (non-irreducible)
Lemma 4. Under the previous assumptions, the eigenspaces
Proof. We use the notation e i 1 ...is := e i 1 ∧ · · · ∧ e is , so that {e ijk , ie ijk : 1 ≤ i < j < k ≤ 6} is a real basis of ∧ 3 V . Besides we denote s i = 1 if i = 1, . . . 5 and s 6 = −1. A basis of the real space Ker(ψ −1 ρφ − id) is provided by
i(e ijk + sgn(σ) s i s j s k e lmn ) σ = 1 2 3 4 5 6 i j k l m n ∈ S 6 i < j < k, l < m < n, i < l .
Similarly {e ijk + sgn(σ) s i s j s k e lmn , i(e ijk − sgn(σ) s i s j s k e lmn )}, with the permutation σ as above, gives a basis of the eigenspace related to −1.
(This lemma follows being true if we take the hermitian form b of signature (3, 3), but it is false for signature (4, 2).)
We have already the tools to provide a convenient model of the real form.
Proposition 5. Take the real vector space
Then L is a real form of S V ∼ = e 6 of signature −14.
Proof. Note that L i are not only L ′ 0 -modules but L 0 -modules, since I 6 acts as the identity on V , and hence, as n id ∧ n V and −n id ∧ n V * for n = 3, 6. If
, e * i (e j ) = δ ij ), and we denote by e * i 1 ...is := e * i 1 ∧· · ·∧e * is , it is easily checked that
with σ ∈ S 6 as above. Also, L 2 = Rie 123456 and L −2 = Rie * 123456 . In particular,
To conclude that L is indeed a real form of S,
by the Jacobi identity, so that the only non-trivial fact to be checked is that [L 1 , L −1 ] ⊂ L. This computation requires of the products in [ADrGu14, §3.4] recalled in Eq. (14). According to them, the map F = ad(e * ijk − sgn(σ) s i s j s k e * lmn ) ∈ ad(L −1 ), for an arbitrary permutation σ ∈ S 6 , satisfies
for σ ′ = (34) • σ, and hence ad(L −1 )(L 1 ) ⊂ L, as required. In order to compute the signature of the obtained real form L, note that κ(I 6 , I 6 ) = tr(ad 
It is usually said that the complex su 5,1 -module ∧ 3 V determines a real representation. This does not happen for the module V , i.e., there does not exist an L 0 -module whose complexification is isomorphic to the S 0 -module V . The hypotheses to be satisfied by a complex module to determine a real representation can be consulted in [O, §8] . A more specific construction of L 1 , quite similar to the one in Eq. (16), has been sketched in [CS, , although without using such existence to construct real forms of e 6 .
The gradings.
A suitable description of the Z 2 × Z 3 2 -grading Γ 12 , adapted to the model of e 6 in Eq. (13), is developed in [ADrGu14, §4.5]. Take θ : S → S defined by:
θ(e σ(1) ∧ e σ(2) ∧ e σ(3) ) := sg(σ) ie σ(4) ∧ e σ(5) ∧ e σ(6) , θ(e * σ(1) ∧ e * σ(2) ∧ e * σ(3) ) := −sg(σ) ie * σ(4) ∧ e * σ(5) ∧ e * σ(6) , θ(sI 6 + x) := sI 6 − x t , θ| S 2 ⊕S −2 := − id, for any s ∈ C, x ∈ sl(V ), σ ∈ S 6 . It is checked in [ADrGu14, §3.4] that θ is an (outer) order 2 automorphism of S fixing a subalgebra of type c 4 . For each A ∈ GL(V ), let ϕ A : S → S be the linear map defined by
and the order 2 automorphisms F i = ϕ A i ∈ Aut(S). Then Γ 12 is produced when refining the Z-grading (13) on S by considering the simultaneous eigenspaces relative to all the automorphisms in Q = {F 1 , . . . , F 4 , θ} ⊂ Aut(S). In order to prove that Γ 12 is inherited by e 6,−14 , it is sufficient to prove that θ(L) ⊂ L and F i (L) ⊂ L for all i = 1, . . . , 4, so that the restriction to L of the elements in Q are automorphisms of L. These are straightforward computations. For instance, F 1 acts on e ijk − sgn(σ) s i s j s k e lmn ∈ L 1 with eigenvalue −1 if the set {i, j, k} ∩ {1, 2} has cardinal equal to 1 and with eigenvalue 1 otherwise; and so on. Now we deal with the Z 2 × Z Note that the endomorphism ad E : L → L is diagonalizable with eigenvalues ±2, ±1, 0, producing a 5-grading on L. Moreover, {x ∈ L : [E, x] = 2x} = R(i(E 55 − E 66 ) + E 56 + E 65 ) has dimension 1, so that it is a contact grading. By Remark 2, the Z-grading on S produced by the eigenspace decomposition of ad E : S → S is equivalent (in fact, isomorphic) to that one in Eq. (13).
. Now, each of the automorphisms q ∈ {θ, F 1 , F 2 } satisfies q(E) = E and q(I 6 ) = I 6 , so that q (L (m,n) ) ⊂ L (m,n) . This means that the group generated by {θ, F 1 , F 2 } induces a Z 3 2 -grading on L compatible with the above grading over the group Z 2 , getting a Z 3 2 × Z 2 -grading on L whose complexified grading is just Γ 10 . In particular, it is fine. 6. A Z 7 2 -grading It was proved in [DrG16b, Proposition 11] the existence of this fine Z 7 2 -grading on e 6,−14 . We will briefly describe the main ideas. Our interest is also to study the basis provided by the grading.
Let B e 6 = {h i , e α , f α : i = 1, . . . , 6, α ∈ Φ + } be a Chevalley basis of S = e 6 , so that the structure constants are integers, Φ is the root system relative to a Cartan subalgebra h = h i : i = 1, . . . , 6 , and e α ∈ L α , f α ∈ L −α and
. . , 6} a set of simple roots of Φ. The Z 7 2 -grading Γ 13 on S is given by the simultaneous diagonalization relative to the following MAD-group of the automorphism group:
where the maximal torus T is given by Eq. (2) and ω ∈ Aut(S) is the involutive automorphism determined by
for all i = 1, . . . , 6. Let σ 0 : S → S be a conjugation such that σ 0 | Be 6 = id. The algebra S σ 0 (R-spanned by B e 6 ) is a split real form of S which inherits the Z 7 2 -grading, since σ 0 commutes with ω and with every order two automorphism in the torus. By Proposition 1, the algebra S σ 0 ωt inherits the Z 7 2 -grading too for any t = t s 1 ,...,s 6 with s 2 i = 1. The signature of the real form S σ 0 ωt obviously depends on t. To be precise, sign(S σ 0 ωt ) = 78 − 2 dim fix(t) by Eq. (4), since σ 0 ω is a compact conjugation commuting with t. But dim fix(t) − 6 is equal to the cardinal of {(k 1 , . . . , k 6 ) : Proof. Recall that κ| h 0 is negative definite for h 0 = 6 j=1 Rih j (a real form of h), which is the only homogeneous component of the Z 7 2 -grading on e 6,−14 of dimension strictly greater than 1. Every element in h 0 is semisimple with purely imaginary spectrum. Take B 0 = {ih ′ j : j = 1, . . . , 6} the following orthogonal basis of h 0 :
The required basis is provided by this one joint with homogeneous elements of the grading, namely,
, and that κ(e α , f β ) = 0 only for β = α. Moreover, the first 46 elements in B have negative norm, and the last 32 elements in B have positive norm, thus recovering the fact of being the signature of κ equal to −14.
Item b) is a direct consequence of [DrV16, Lemma 1]: If a fine grading on a complex simple Lie algebra satisfies that the universal grading group is finite, then every homogeneous element is semisimple.
In order to study the structure constants, recall that [e α , e β ] = N α,β e α+β for |N α,β | = 1 + p α,β , where p α,β is the greatest integer such that β − p α,β α is a root [H, §25.4] . Here the used notation is e −α = f α for α ∈ Φ + . In the case of e 6 , the strings have length at most 2: if α, β, α + β ∈ Φ, then α + 2β / ∈ Φ and α − β / ∈ Φ. Hence [e α , e β ] = ±e α+β if α + β is a root, and 0 otherwise. Now, most of the structure constants f ijk are integers (α(h Finally, the equality N α,β = N β,γ = N γ,α for roots such that α + β + γ = 0 (all of them have necessarily the same length) proves the antisymmetry of the structure constants.
Remark 4. A basis with the same properties as in Corollary 1 can be found in e 6,−78 , in e 6,6 and in e 6,2 too.
2 If we change B by an orthonormal basis, then
No more fine gradings
As a consequence of the above sections, the gradings Γ 3 , Γ 7 , Γ 8 , Γ 10 , Γ 12 and Γ 13 are inherited by e 6,−14 . The purpose now is to prove that these are the only gradings on e 6,−14 whose complexified grading is fine.
The gradings Γ 1 , Γ 2 , Γ 5 , Γ 6 and Γ 9 cannot be inherited by e 6,−14 by Proposition 2, taking into account the data dim C S e ± dim C 2g=e g =e S g in Table 1 .
We will prove that e 6,−14 inherits neither Γ 4 , nor Γ 11 , nor Γ 14 , by using ad-hoc arguments for each case.
7.1. No fine Z 3 4 -grading. Proposition 2 implies that e 6,−26 and e 6,−78 do not inherit Γ 14 , but it does not say anything about e 6,−14 . We will prove that e 6,−14 neither inherits Γ 14 by reductio ad absurdum. We will use the knowledge of some features about Γ 14 extracted from [DrV16, §5.4], joint with some representation theory of real Lie algebras.
Recall first that the complex exceptional Lie algebra e 6 = S has a fine grading entitled Γ 14 :
where V is now a two-dimensional (complex) vector space, and λ i 's denote again the fundamental weights but this time of the simple Lie algebra a 3 = sl 4 (C) (i.e., the maximal weights of its basic representations, defined by λ i (h α j ) = δ ij if i, j = 1, 2, 3). Thus, dim S0 = 15 + 3 = 18 while dim Sī = 20 forī =1,2,3. The Z 
for all i, j ∈ {0, 1, 2, 3}.
Suppose that there exists a grading on
L (ī,h) , and L¯i ⊗ R C = S¯i. This means that L0 is a real form of sl 4 (C) ⊕ sl 2 (C). Hence L0 = L 
σ .) Among the 5 real forms of sl 4 (C), that is, su 4 , su 3,1 , su 2,2 , sl 4 (R) and sl 2 (H) (see Section 2.2), the only ones which inherit the Z 2 4 -grading given by Eq. (17), are su 3,1 and su 2,2 , according to [Sv08] . Thus,
We now recall some basic facts on representations of real Lie algebras, for instance from [CS, 2.3.14]. If W is a complex vector space, we denote by W the new complex vector space with the same underground set and scalar multiplication given by C × W → W , (a + ib, w) → (a − ib)w. For g a real Lie algebra, W is called a complex representation of g if there is a homomorphism of real Lie algebras g → gl C (W ). In this case, W is naturally a complex representation of g called the conjugate representation. As real representations, W and W are always isomorphic (the identity map is an isomorphism), but this is not the case as complex representations in general.
If U is a (real) g-module, then W = U C is a complex representation and in this case the map R :
, provides an isomorphism of complex representations of g. This can be applied to our setting, since S1 is an L 1 0 -complex representation which is the complexification of L1, so that S1 ∼ = S1 is a self-conjugate L 1 0 -module. On one hand we know that S1 is isomorphic to 2V (2λ 1 ) as sl 4 (C)-module, and hence as L 
No inner fine
2 -grading. The grading Γ 4 can be described as follows. The algebra S = e 6 is modeled by the Tits' construction
for the Jordan algebra M = M s C = Mat 3×3 (C) + , where again the products are given by Eq. (10). If we consider the Z 3 2 -grading on O C (complexified of the grading in (7)) and the Z 2 -grading on M given by the assignment deg(E 12 ) = (1, 0) and deg(E 23 ) = (0, 1), the obtained Z 2 × Z 3 2 -grading on S is precisely Γ 4 in Table 1 . Observe that the Z 2 -grading induced on the Lie subalgebra Der(M) ∼ = sl 3 (C) is precisely the root decomposition of a 2 .
Suppose that there exists a grading on e 6,−14 = L = ⊕ g∈Z 2 ×Z 3 2 L g such that the complexified grading is Γ 4 . By arguments as in Proposition 2, the signature of L equals the signature of the restriction of the Killing form of L to its subalgebrã L := ⊕ h∈Z 3 2 L (0,0,h) . Then we studyL. Its complexification isS = ⊕ h∈Z 3 2 S (0,0,h) , the subalgebra fixed by the two-dimensional torus of the automorphism group of S producing the Z 2 -grading, that is, 
Thus [L,L] is a simple subalgebra ofL and a real form of d 4 . By Section 2.2, the only possibilities for [L,L] are so 8 , so 7,1 , so 6,2 , so 5,3 , so 4,4 , whose signatures are, respectively, −28, −14, −4, 2, 4.
In the proof of Proposition 2, it is not only proved that sign κ L = sign κ|L = sign κ| Le + sign κ| 2g=e,g =e Lg , but also that κ| Le is positive definite, so that sign κ| Le = dim L e . In our case
by Lemma 2, which gives a contradiction as −14 / ∈ 2 + {−28, −14, −4, 2, 4}. (By the way, the number 2 neither belongs to such set.) Hence, we conclude that Proposition 7. Neither e 6,−14 nor e 6,2 inherit Γ 4 .
7.3.
No Z 4 ×Z 4 2 -grading. There are two classes of order 2 outer automorphisms of S = e 6 : those ones fixing a subalgebra of type c 4 = sp 8 (C) and those ones fixing a subalgebra of type f 4 (see Table 2 ). For the grading Γ 11 , all the order 2 outer automorphisms belonging to the MAD-group of automorphisms producing the grading are of the first type [DrV16, §5.3]. Thus, we need to know which of the real forms of c 4 are even parts of a Z 2 -grading on e 6,−14 . Take in mind that there are 4 real forms of c 4 = sp 8 (C), namely, sp 4 (H), sp 3,1 (H), sp 2,2 (H) and sp 8 (R), of signatures −36, −12, −4 and 4, respectively (Section 2.2).
Lemma 5. If L = L0 ⊕ L1 is a Z 2 -grading on e 6,−14 such that L0 is a real form of c 4 , then L0 is a Lie algebra isomorphic to c 4,−4 = sp 2,2 (H).
Proof. By Lemma 3, sign(L −1 ) = 2 sign(L0) + 14. As L −1 is also a real form of e 6 , its signature must belong to {6, 2, −14, −26, −78}. But, taking into account that sign(L0) ∈ {4, −4, −12, −36}, the only true possibility is sign(L0) = −4. (The argument is a trivial computation: 2 · 4 + 14 = 22 is not admissible and so on.)
In fact, it is not difficult to prove that there exists a Z 2 -grading L = L0 ⊕ L1 on L = e 6,−14 with L0 ∼ = sp 2,2 (H) (so that L −1 split), but it is not necessary for our purposes. 2 -grading Γ 10 . As happened in the study of e 6,−26 , the following situations have still to be studied if we want to have a complete knowledge of the fine gradings on e 6,−14 up to equivalence: a) There could exist a fine grading on e 6,−14 whose complexification would not be a fine grading on e 6 . b) There could be two fine gradings on e 6,−14 not isomorphic but with isomorphic complexifications. These questions have mainly mathematical interest. For physical purposes, an interesting topic could be to study the different bases provided by the gradings and their properties: are they involved in some physical phenomenon? Taking into account that every fine grading on a simple Lie algebra over a finite group provides a basis of semisimple elements, and that we have described a fine grading over Z , what type of properties or processes can be described or modeled by an abelian group with 3-torsion?
